The well-known trade-off between strength and fracture toughness in bulk specimens is often used to explain the low fracture toughness of very thin ductile face-centered cubic (FCC) metal specimens, but this interpretation contradicts the relative length scales of thickness-dependent strength and thickness-dependent fracture toughness. This study uses the concept of similitude to demonstrate that linear elastic fracture mechanics (LEFM) analysis of 25.4 µm thick annealed aluminum is invalid, though the resulting fracture toughness measurements fit well with the existing literature and idea of a strength/fracture toughness trade-off. Similarly, a elastic plastic fracture mechanics (EPFM) analysis is sensitive to out-of-plane deformation which cannot be practically eliminated or corrected for with a model. However a plastic collapse analysis using a critical net section stress criterion is demonstrably valid by the concept of similitude, is insensitive to out of plane deformation, and agrees with the evidence of extensive plasticity in the fracture surfaces.
Introduction
Face-centered cubic (FCC) metal nanospecimens have remarkably low reported fracture toughnesses, in some cases with K Ic = 1 MPa √ m or lower for films ≈ 100 nm thick. [1] [2] [3] One popular explanation of the apparently low fracture toughness of thin FCC metal specimens is that the increased yield strength observed in nanopillars in compression [4] [5] [6] and nanopillars 6 and films [6] [7] [8] [9] [10] in tension causes the low fracture toughness of thin specimens 1, 2, 7, 10 just like the strength/fracture toughness trade-off seen in larger-scale specimens. 11 However, upon closer inspection it becomes apparent that size-induced strengthening is a phenomenon observed primarily in sub-micron specimens [4] [5] [6] [7] [8] [9] [10] 12 while decreasing fracture toughness with specimen size can be observed at much larger length scales. [13] [14] [15] [16] [17] Consequently, the low fracture toughnesses observed in thin ductile metal sheets must be a consequence of an inappropriate analysis for the thin sheets and/or thickness limiting the strength of the sheets by means other than the strength/fracture toughness trade-off observed in the bulk. 18 Work exploring the low fracture toughness ultrathin specimens is relatively recent, 1-3 but the phenomenon of specimen size-dependent fracture toughness has been a prominent subject since the early days of fracture mechanics research. 13, 15, 16, 19 Fig. 1 qualitatively shows the relationship between fracture toughness and specimen thickness B for a ductile metal. While the increase in fracture toughness with decreasing thickness below the minimum thickness B 0 of the plane strain regime is well-known, 19 the regime of thickness-limited fracture toughness exhibited by some metals at thicknesses below the critical thickness B * often goes unacknowledged. Below B * fracture of ductile metals proceeds by localized thickness reduction at the crack tip (transverse necking).
Because the length scale of the transverse neck scales with the thickness, the fracture toughness also decreases with decreasing thickness and can descend below the plane strain fracture toughness for very thin specimens. 20 Thus the low fracture toughnesses of very thin FCC metal sheets [4] [5] [6] [7] [8] [9] [10] 12 are not necessarily due to changes in material properties, but may instead be consequences of geometric effects on the fracture process. 20, 21 Unlike specimen size-dependent strength, 12 size-dependent fracture toughness in thin FCC metal specimens is not a phenomenon particular to the nanoscale. 15, 16 The length scale regime of specimen size-induced strengthening is limited to very small specimens (a few µm or thinner [4] [5] [6] [7] [8] [9] [10] 12 ), but the fracture toughness of FCC metals has been shown to begin decreasing below a critical thickness B * as large as a few mm. [13] [14] [15] [16] [17] For example, Kang et al. found the onset of decreasing fracture toughness below a critical thickness B * of 300 µm for pure copper foils 15 while other studies found the onset of increasing strength with decreasing thickness begins around 1 µm and thinner. 9, 10, 12 Similarly, the fracture toughness of aluminum 7075-T6 begins to decrease with decreasing thickness at thicknesses of 1 mm and below 16 ), but significant thickness-dependent strengthening only appears at thicknesses of a few µm and below. 9 Additionally, the same highstrength nanospecimens cited earlier exhibited extensive dislocation-mediated plasticity, plastic strains before failure, and ductile fracture. 4-6, 22, 23 Therefore it does not follow that the low fracture toughness measured in thin ductile metal sheets 1, 2, 7, 10, 15 is due to brittle fracture as some might infer based on trends in the bulk. Instead, the low fracture toughness measurements must be a consequence of thickness-limited ductile crack growth, selection of fracture toughness parameters unsuited to thin ductile metal sheets, or both. This study discusses how one may determine the applicability of fracture toughness parameters using comparisons between experiments performed using specimens of the same thickness but different in-plane geometries.
Published work on the fracture toughness of thin FCC metal sheets, like prior studies of bulk systems, favors two approaches: the linear-elastic fracture mechanics (LEFM) parameter K, 1-3 and the elastic-plastic fracture mechanics (EPFM) parameter J. 15 A fracture toughness measurement is only meaningful if the test specimens behave in a manner consistent with the theory upon which the fracture toughness parameter is based, which gives rise to the concept of "validity" criteria for different parameters. 24, 25 In the case of both K and J the validity criteria take the form of the minimum specimen dimensions that ensure the near-crack tip process zone is contained in a volume small relative to the rest of the specimen. The nomenclature "-dominated" and "-controlled" are used to denote when a particular crack tip parameter is applicable. In other words there are minimum specimen dimensions for which a specimen may be considered K-dominated, and another set of smaller minimum dimensions for J-dominance. 24, 26 The validity criteria of K and J are based upon the concept of "similitude"; which we define as when a measured value of a fracture toughness parameter consistently describes the conditions necessary to drive crack growth independent of starting crack length or specimen geometry. 18 In fact, demonstrating similitude (or the absence of similitude's counterpart "uniqueness") was core to the development of the K, J, and unified fracture toughness measurement validity criteria of the ASTM standards. 24, 25, 27 Thin ductile FCC metal sheets violate standardized validity criteria by virtue of their thinness, so we must use tools like similitude tests to determine which fracture toughness parameters are applicable to a given thin FCC ductile metal sheet. 18, 25, 28 Additionally, we must consider the possibility that establishing K-dominance or J-dominance in thin ductile metal specimens may require prohibitively large specimens, and an alternative parameter will be needed. After all, a fracture toughness measurement which can only be reproduced in very large specimens is practically useless if the system being characterized only ever sees service in smaller-scale components.
If we consider the nature of traditional LEFM and EPFM in the context of small specimen testing, we can find additional reasons to rethink how we measure fracture toughness in small ductile metal specimens. First, the LEFM and EPFM fracture toughness parameters are only valid above a minimum specimen size, which calls into question any measurement of fracture toughness small specimens of ductile metals. Secondly, the morphology of plastic deformation at the tip of cracks in small specimens is different from the thicker specimens upon which LEFM and EPFM validity criteria are based. The shape and extent of the crack tip plastic zones of ductile FCC metal thin sheets varies with thickness. 7, 10, 15, 29, 30 Classic studies showed shifts in plastic zone morphology at the transition from plane strain to plane stress in metal specimens a few mm in thickness, 29, 30 while more recent work in nanoscale ductile metal sheets show crack tip plastic zones which vary with texture and defect configurations near the crack tip. 7, 10, 15 Furthermore, Keller et al. demon-strated that even nanograined copper sheets, which show little to no plastic deformation prior to failure in uniaxial tension, can exhibit significant dislocation activity near a crack tip. 7 Adaptation of conventional LEFM and EPFM validity criteria to small ductile metal specimens would require an understanding of crack tip plasticity at the nanoscale-beyond the current state of the art. Instead, this study applies the concept of similitude to determine whether LEFM, EPFM, or a large scale plasticity crack tip parameter best describes crack growth in a set of ductile metal thin sheets.
Materials and Methods
Specimens were fabricated from annealed 25.4 µm thick 1235 aluminum (minimum aluminum content 99.35 %) foil stock purchased from McMaster-Carr. The dogbone-style specimens were cut on a Sizzix eclips2 electronic cutter based on the ASTM E345 A geometry. 31 Specimens were all fabricated with the same gauge length (20 mm) and fillet radius (9.5 mm), but were made in two different total widths: 6.25 mm in width referred to as "single-width" or "SW" in all data sets shown here and 12.5 mm in width referred to as "double-width" or "DW." Notches from 1.0 mm to 3.0 mm in total length were cut at the midpoint of the gauge length using either the electronic cutter (which uses a blade) or a QuikLaze-50ST2 machining laser. The laser was operated with the 100x objective, 30 Hz pulse rate, a 20 µm by 4 µm exposure area, and set at 100 % of the high power setting of the 355 nm IR wavelength. Specimens were fabricated as either single edge notch tension "SE(T)" or middle crack tension "M(T)." Notches for M(T) specimens must be cut as precisely in the center of the specimen as possible and with identical notch tip conditions, so all center notches were cut with the laser. Three different initial SE(T) notch types were used in order to compare their effect on fracture toughness: laser-cut notches, blade-cut notches, and laser-cut notches with fatigue precracks. Precracking is meant to achieve three objectives: a sharp crack tip, small cyclic plastic zone, and long enough precrack to escape the influence of the notch (which scales with the notch radius). Rather than attempting to apply standard procedures based on crack tip parameters which may or may not be valid for our ductile thin sheets, 24, 27 we developed a method for growing long sharp precracks with relatively small crack tip plastic zones. We applied half of the force necessary to grow a crack from a laser-cut notch to ensure that the cyclic plastic zone was small relative to that developed by a fracture toughness test. Fatigue precracks were grown by applying 100,000 cycles with a sawtooth waveform at half of the critical stress observed for for the crack growth of notched specimens. The load ratio was held constant during precracking at R = σ max /σ min = 0.1 where σ max is the maximum stress and σ min is the minimum stress during each cycle (not to be confused the "R" in the phrase "K-R curve"). The resulting fatigue precracks were quite sharp and long relative to the starting notch tip radius. For example two specimens with starting notch length 3 mm were cycled between 6 N and 0.6 N for 100,000 cycles, resulting in roughly 200 µm of fatigue crack growth from the 2.5 µm diameter laser-cut notch tip. If LEFM was applicable to these specimens, then the plastic zone size of these specimens would be 1/4 the size of the plastic zone developed during a fracture toughness experiment.
In order to ensure that all specimens remained flat with minimal wrinkling or slack in the sheet, specimens were placed onto copy paper backings before being fixed in the load frame grips. Only the grip sections of the specimens were glued down, while the gauge and fillet sections were laid flat on the paper backing but were otherwise free. Once the specimen was aligned and fixed on the load frame grips, the backing behind the gauge section (which had been perforated in advance on the electronic cutter) was torn away. Some specimens of both the SE(T) and M(T) geometries were also tested with anti-buckling plates in place. These specimens were sandwiched between two glass slides (the anti-buckling plates) cut to a length so as to cover the bottom grip section and gauge section of the specimen, but not the top grip section. The bottom grip section which lay between the glass slides had an extra layer of the 25.4 µm 1235 aluminum foil on either side to act as a spacer and prevent the glass slides from contacting the gauge section unless it buckled. During testing, the bottom grip section was gripped between the anti-buckling glass slides which were in turn squeezed within the vise grip while the top grip section was gripped directly by the vise grips.
Though the anti-buckling plates do not completely suppress buckling, they reduce out of plane deflection and push the buckling mode from the third harmonic to higher order harmonics. This is because the space between the specimen and anti-buckling plates allowed for some buckling to occur, and that space had to be left in order to minimize the effects of friction between the anti-buckling plates and the specimens.
All specimens (SE(T), M(T), blade-cut notches, laser-cut notches, fatigue precracked, with anti-buckling plates and without) were then tested in tension using an Instron 5848 mechanical test frame with vise grips and a 100 N Instron 2530-427 static load cell. A 3.1 megapixel (2048 x 1536) PixeLink CCD camera fitted with a 2x magnification Mitutoyo microscope objective lens was used to capture images across the width of the specimen prior to testing in order to measure the initial notch length and assist in later crack length measurements. A computer using a custombuilt program written in NI Labview 7.1 used a GPIB interface to both control the load frame and record logged force and displacement data. All tests were performed in displacement control at a rate of 0.1 mm per minute while simultaneously capturing backlit images of the crack tip at 1 second integrals using the 3.1 megapixel camera triggered by a HP 33120A function generator synchronized to the beginning of the test. The images captured during the experiment were then used to measure the crack length to within the spatial resolution of the camera and optics (1.8 µm)
during the experiment. The experiments were stopped and resumed after each ≈1.0 mm increment of crack growth to move the camera to recenter the camera on the crack tip. The M(T) specimens were also imaged across the entire length of the crack at before re-starting the experiment to verify equal growth of both crack fronts. The experiments were stopped when the cracks either reached the far edge of the specimens or a secondary crack initiated from the back edge. Representative fracture surfaces were imaged using a Hitachi TM3030 bench-top scanning electron microscope (SEM) in "shadow" backscatter imaging mode.
Values of the linear elastic stress intensity factor K were computed for the portions of each tensile experiment in which crack growth was apparent in the images captured. Both SE(T) and M(T) stress intensity factors were simulated by finite element (FE) models in ANSYS Mechanical APDL 15.0 for a range of crack lengths. Both the SW (6.25 mm wide) and DW (12.5 mm wide) SE(T) specimens required a specially-computed K solution due to the effects of the grips providing a reaction moment which increases with crack opening and crack length. M(T) specimens are symmetric about their center axis, so the grips at the specimen ends produce no reaction moment to crack opening like the SE(T) specimens. As a result, our ANSYS K solutions for M(T) specimens match those from The Stress Analysis of Cracks Handbook. 32 The K solutions are all of the form K = σY √ πa where a is the crack length, σ is the stress computed using the total specimen width w and thickness B of the gauge cross section, and Y is a geometric term specific to the specimen configuration and a function of for specimens which experience a distributed tensile stress at both ends and are free to rotate with crack opening with no reaction moments from fixed grips. 32 SE(T) specimens held by fixed grips are influenced by constraints imposed by those grips. The degree of influence of the grips on the LEFM stress intensity factor K depends on crack length and specimen aspect ratio as discussed in greater detail later in this study.
K-based toughness measurements of the foils were computed in the form of K-R curves which show the nominal stress intensity K necessary to propagate a crack as a function of crack length a for SE(T) specimens or 2a for M(T) specimens across a specimen of width w or 2w, respectively.
However the ASTM standards for determination of fracture toughness, 24 stable tearing, 33 and K-R curves 27 give no clear distinction between the initiation and propagation stages of crack growth.
Thus, we chose a method based on the ASTM aluminum tearing standard B871 to quantify the "initiation toughness" of our thin aluminum sheets. B871 defines "initiation" as the portion of the experiment preceding the maximum stress measured during the experiment and "propagation" as the remaining portion of the experiment following the maximum force. 34 Thus, we defined the initiation toughness as the toughness corresponding to the maximum force measured during the experiment.
A plastic collapse crack propagation toughness was measured from plots of the nominal stress σ plotted as a function of the ratio of cracked cross-section to total cross-section of the specimens, a/w. Data from all of the specimens tested was plotted on the σ vs a/w including only the data for crack propagation from the starting notch or fatigue precrack, ∆a, greater than 125 µm. Then a linear least squares fit was applied to the data in Wolfram Mathematica 10 was applied to the data and forced to intercept the a/w-axis at a/w = 1. The collapse propagation toughness σ c was taken from the σ -axis intercept at a/w = 0.
Additionally, a uniaxial tensile test was performed on a 12.5 mm wide "DW" specimen cut with from the as-received 1235 aluminum roll with a QuikLaze-50ST2 machining laser using the same parameters used to cut notches noted above. This test was performed in displacement control at a rate of 0.1 mm min −1 on an Instron 5848 mechanical test frame with vise grips and a 100 N Instron 2530-427 static load cell. Image capture was performed during the experiment using a 5.0 megapixel (2592 x 1944) PixeLink CCD camera fitted with a 2x magnification Mitutoyo microscope objective lens synchronized to the beginning of the experiment by a HP 33120A function generator and capturing images at 0.5 Hz. Strain was computed using a digital image correlation and tracking (DICT) program running in Python 2.7 and synchronized to the timestamped force data to compute a stress-strain curve. The first 0.03 % strain was fitted by least squares, and the intercept of that line with the stress axis used to account for the preload on the specimen. The fitted line was then offset by 0.2 % strain to compute the yield strength (offset = 0.2 %) consistent with ASTM E8. 35 The annealed 1235 aluminum sheets were electropolished, anodized, and imaged with polarized light microscopy to reveal the in-plane grain structure. Should the reader wish to perform similar metallographic preparation, we recommend Vander Voort's excellent metallography text. 36 Roughly 10 cm by 10 cm panels were cut directly from the roll with scissors, and then Kapton tape was applied to one side. The panels were then cut into approximately 1.5 cm by 4 cm strips, and an additional 1 cm wide piece of Kapton tape was applied across the center of each strip, leaving two ≈1.5 cm by 1 cm rectangular regions of foil exposed on each end of the strip. The area to be polished was measured with digital calipers. The strips were gripped at one end by an alligator clip spaced 1 cm from a 4 cm wide by 6 centimetre tall cathode cute from the same aluminum stock.
The electrolyte (49 ml phosphoric acid, 47 ml ethanol, and 104 ml deionized water) was mixed an placed in a 250 ml glass beaker in a VWR water bath held at 45°•C. The specimen (anode) and cathode were placed so that the specimen was immersed halfway (roughly 2.5 cm) in the electrolyte and the portion of the specimen in contact with the electrolyte surface was completely protected by Kapton tape. Then an Agilent E-3612A power supply was used to apply 100 mAcm −2 to the specimen for 4 min 30 s while the operator gently tapped on the specimen holder approximately once per second to knock loose any gas bubbles which formed. The specimens were then rinsed in warm water and anodized for 20 s in a 2.3 % fluoroboric acid solution at 20°•C with a current density of 155 mAcm −2 (using the same setup with a fresh electrode) before being rinsed in warm water again.
The anodized specimens were then imaged using an Olympus BX40 optical microscope in bright field mode using the 5× objective and two (U-PO and U-AN360) polarization filters. Anodization creates a thin oxide layer epitaxial to the underlying metal crystals which gives contrast to the individual grains when viewed with polarized light microscopy. 36 Twenty lines were overlaid onto the resulting micrograph with random positions and orientations, and the number of intercepts between each line and the grain boundaries were manually counted. The 20 randomly placed lines resulted in more than 500 intercepts, which is in excess of the minimum recommendation for approximating grain size in ASTM E112. 37 Phase analysis and texture studies were carried out using a PANalytical X?Pert MRD Pro diffractometer in parallel beam geometry with Cu-Kα radiation through a sealed Cu tube (45 kV/40 mA) and a graphite monocromater, a polycapillary X-Ray lens (1 mm × 1 mm), an Eulerian cradle and a proportional counter. Error sources such as specimen displacement, defocusing and peak shape ? size anomalies were avoided using parallel beam geometry (foil collimators as secondary optics).
Glancing angle measurements were utilized to capture the surface and through thickness texture of 
Results and Discussion
All of the cracks in the specimens tested (SE(T) and M(T) of various widths) grew stably in displacement-control tensile experiments. The fracture surfaces (Fig. 2) were consistent with ductile crack growth with through-thickness (i.e. transverse) necking down to a point before separation. The fracture surfaces showed the same characteristics after a transition region that extended from a distance approximately equal to the sheet thickness from the starting notch (≈25 µm as seen in Fig. 2A and 2B ) until the crack reached the back edge. The fracture surfaces of SE(T) and M(T) specimens of different widths were also nominally the same. All of the fracture surfaces showed signs of transverse plastic necking down to a fine point before final separation (Fig. 2) . The initial analysis of crack growth in these 25.4 µm thick 1235 aluminum sheets is straightforward: crack growth occurred by stable propagation of a through-thickness plastic neck just as one would expect for a highly ductile metal in plane stress. 38 Furthermore, the similarity between SE(T) and M(T) fracture surface for all crack lengths suggests similitude between the crack growth processes for all of the crack lengths and specimen geometries tested.
In the course of developing the K analysis for the specimens used in this study, it became apparent that there is a major discrepancy between the stress intensity solutions applied to SE(T) specimens in the literature 1, 2, 10, 39 and the stress intensity of the actual experimental configurations which are commonly used. Fig. 4 shows the difference in the geometric factors Y used by various sources in the literature, most of which are comparable to those computed by Tada et al. and published in The Stress Analysis of Cracks Handbook. 32 The problem is that the Tada's solutions are for uniform stress boundary conditions, but a gripped specimen has uniform displacement boundary conditions (presuming the grips are torsionally rigid). In other words, the opening of an edge crack in tension results in a rotation of the specimen ends. Fixed grip conditions like those used in this study and 1, 2, 10, 39 provide a reaction moment which reduces the stress intensity, relative to a specimen with ends left free to rotate. As crack length increases, the error between the uniform stress boundary condition K solutions (no reaction moment) SE(T) solutions and the solutions which account for the test fixture's uniform displacement boundary conditions increases dramatically. Fig. 3 shows the error between the uniform displacement and uniform stress boundary conditions as well as some examples of publications which applied the uniform stress solution to a uniform displacement boundary condition experiment. 1, 2, 10, 39 The error increases with decreasing specimen aspect ratio ( specimen length specimen width ) and increasing crack length a. The error manifests as an overestimation of the stress intensity K because the reduction of K by a reaction moment at the uniform displacement boundaries is not accounted for. Even for those cases where K is a valid crack tip parameter, failure to account for boundary conditions results in significant errors in the calculation of fracture toughness.
If we perform only a cursory comparison of the different width SE(T) specimens' K-R curves (Fig. 5) , the LEFM-based data analysis seems plausible at first. The initiation toughnesses defined by the maximum stress measured during the experiment are very similar. The SW SE(T) specimens had an average initiation toughness of 3.89 ± 0.90 MPa √ m compared to 3.72 ± 0.56 MPa √ m for DW SE(T) specimens. Both the SW and DW SE(T) specimens' initiation was followed by a rising K-R curve before reaching a peak and decreasing. The narrower SW (6.25 mm wide) specimens'
K-R decline in propagation toughness occurs at a lower crack propagation distance than the wider DW (12.5 mm wide) specimens, which appears sensible given that the SW specimens' cracks had a shorter distance to grow before approaching and interacting with the back edge. Otherwise, the two different width SE(T) specimens appear to agree with one another. The shapes of the K-R curves are similar to the observations of Schwalbe and Setz in 2 mm thick M(T) specimens. 40 The peak and then decline in the K-R curves which Schwalbe and Setz observed in thicker specimens 40 was interpreted as the consequence of a transition from K-dominated fracture to net section yielding, and it is tempting to apply such an interpretation to our 25.4 µm thick aluminum specimens. The magnitude of K necessary to propagate a crack in our 25.4 µm is very low (≈4 MPa √ m) compared to thicker specimens tested by Schwalbe and Setz (≈80 MPa √ m). 40 Thus one might think that our 25.4 µm thick aluminum sheets fit nicely as an intermediate case between observations of low K Ic in ultrathin FCC specimens [1] [2] [3] 41 and thick sheets. 40 However, the apparent evolution of the fracture process suggested by the changing K-R curve are inconsistent with the extremely uniform fracture surfaces (Fig. 2) which lack any signs of a change in plastic zone size or crack growth mechanism. The fracture surfaces show no apparent interaction with the back edge in the fracture surfaces, nor are there any indicators that the mechanism of crack growth changed at all after the first few microns of crack growth ( Fig. 2A) . Additionally, the large standard deviations of the data are due to another trait of the K-R curves indicative of a similitude violation: the initiation K varies with starting notch length. Still, the shape of the K-R curves from 
A comparison between SE(T) and M(T) specimens reveals a similitude violation that clear
shows K cannot be a valid fracture toughness parameter for our thin aluminum sheets. If we take the K-R curves of 12.5 mm wide DW M(T) and 6.25 mm wide SW SE(T) specimens (which both have the same uncracked ligament length) and compare them, the disagreement between the specimen types becomes obvious (Fig. 6 ). The M(T) specimens' apparent mean initiation toughness is 2.46 ± 0.17 MPa √ m, which is significantly lower than the value of 3.89 ± 0.90 MPa √ m computed for the SE(T) specimens. The propagation toughness as the crack length increases is also lower for the M(T) specimens than for SE(T). Neither the notch type nor the presence of anti-buckling plates influenced the initiation and propagation curves, thus the discrepancies in K are not due to out of plane deformation or notch effects. Interestingly, our J analysis does show sensitivity to this out of plane deformation, which we will discuss later along with the behavior of the fatigue precracked specimens. Linear elastic theory produces conflicting results for two specimen configurations whose crack tips should be nominally the same, yet the fracture surfaces are very consistent for all crack lengths and specimen configurations. Thus K cannot be a valid quantification of the driving force for crack growth or the local conditions around the crack tip because K fails the similitude requirement. 18 It is worth taking a moment to discuss the meaning of the similitude comparisons made thus far in the context of "validity" criteria for crack tip parameters such as K. Standards such as ASTM E1820 dictate that a fracture toughness specimens' dimensions exceed a length based on a plastic zone size approximation based on the nominal stress intensity K Q and yield stress σ Y , such as 2.5(
If we use the 0.2 % yield stress of our 1235 aluminum specimens of 29.3 MPa (Figure 10 ) and initiation toughness of 3 MPa √ m, the minimum specimen dimensions are ≈ 26.2 mm.
J has a similar minimum dimension given as 10
which typically allows for smaller specimens than K testing, but still imposes a lower limit on the dimensions of a J-dominated specimen. 24, 27 The fact that small specimens fall below the minimum size of a standard does not, on its own, mean that the resulting fracture toughnesses are erroneous. Validity criteria-violating specimens do, however, place a burden on the researcher to demonstrate that theory used to quantify fracture toughness is consistent with the material system. Some have argued that the elevated yield strengths observed in nanoscale FCC metal specimens [4] [5] [6] [7] [8] [9] [10] 12 may reduce the minimum length scale for K or J-dominance enough to justify using LEFM or EPFM in very small ductile FCC metal fracture toughness specimens, while simultaneously using the low fracture toughness measurements to argue that the specimens were brittle. 1, 2, 7, 10, 15 However, the specimens used in our study failed by ductile crack growth (Fig. 2) , produced an apparently low fracture toughness measurements (Figs. 5, 6, and 8), and at 25.4 µm are far too thick for specimen size-induced strengthening. [4] [5] [6] [7] [8] [9] [10] 12 Since we are discussing specimens far smaller than the validity thresholds of J and K, 24, 25, 27, 42 we should use the principles upon which the concept of "validity" is based, such as similitude, to determine whether or not a given fracture toughness measurement is applicable to the material system in question. We have defined similitude as the idea that the conditions near the tip of a growing crack should be nominally the same for different specimens of the same thickness of a given material, and thus there should be agreement between the fracture toughness parameters of those different specimens. 18 Similitude is the basis for standard validity criteria, 24, 25 and thus a useful concept for testing the applicability of fracture toughness analysis methods at length scales well below the known valid range of a given parameter.
The elastic plastic fracture mechanics parameter J typically has a less restrictive minimum specimen size compared to K, which in principle makes J better suited for analysis for small and thin specimens. However, J approaches become intractible because out of plane deformation (buckling) influences the calculation of J from crosshead displacement-based work computations.
J is defined as a path integral encompassing a crack tip J = Γ W dy−t · δ u δ x ds where Γ is the path, W is the strain energy density, y is the tensile direction, x is in-plane direction parallel to the crack, t is the traction on the path, u is the displacement, and s is the path length. 43 In practice J is computed from the force vs. crosshead displacement (P − ∆) curve, consequently J = 24 More importantly, the J − R curves in Fig. 8 show that the crosshead displacementbased J calculation is very sensitive to out of plane deformation. The anti-buckling plates used in this study restrict out of plane deformation, but do not completely suppress it. This is because anti-buckling plates pressed tightly against the specimen faces would induce friction forces to the specimen, making determination of the fracture toughness impossible. The disagreement in Fig. 8 shows that J cannot be a viable crack tip parameter until we find an alternate J measurement technique or a method to compute the η term which accounts for the effects of buckling on specimen compliance. Unlike J, the K-R curves were unaffected by the presence of anti-buckling plates (Fig.   6 ) because K only depends on the nominal stress and crack length. Even though K fails a test of similitude, and J's sensitivity to out-of-plane buckling complicates computation of a characteristic value of J (which very will might fail a similitude test anyway), there is a crack growth parameter which satisfies similitude tests while also being insensitive to buckling. "Collapse analysis" (also known as limit load analysis or net section yield analysis 40, 44 ) reveals that the critical net section stress σ c is a fracture toughness parameter which satisfies similitude and explains the behavior of our K-R curves. "Plastic collapse" is often disregarded in a fracture mechanics context as an extreme situation where a damage-tolerant ductile system reaches its yield stress and fails by gross plasticity before any cracks reach a large enough driving force (usually computed with K) to grow. Thus collapse analysis as a subject is mostly forgotten in the mainstream fracture mechanics community. However, one can still find some discussion of collapse in the context of the development of failure assessment diagrams (FAD) used to describe the rupture of pipes, pressure vessels, and other thin-shell structures made of especially ductile or defect-tolerant materials. 26, 45 The critical net section stress analysis used by Broek et al. can describe the driving force for crack growth in a variety of thin metal M(T) specimens in tension. 44, 46 When applied to the aluminum specimens in this study, the critical net section stress criterion shows strong agreement between M(T) and SE(T) specimens of all widths, starting crack lengths, and type of notch or fatigue precrack. Fig. 7 is a plot of the nominal stress applied to all of the 1235 aluminum specimens as a function of crack length a normalized to the total specimen width w. Every specimen converges onto a single line after less than 1 mm of crack growth whether it was M(T) or SE(T), 12.5 mm wide or 6.25 mm wide, had or did not have anti-buckling plates, or had a blade-cut notch or laser-cut notch. Fatigue precracked specimens had longer initiation stages (on the order of 1 mm), but still converged to the same trend line as all of the other specimens for the remainder of crack propagation. The stress-axis intercept of the propagation trend line is the characteristic value of the collapse analysis (Fig. 7) . The intercept corresponds to the critical net section stress σ c = 47 MPa in the specimen and is calculated using the applied force P, thickness B, and width of the uncracked ligament ahead of the crack (i.e. the net section) b = (w − a). Note that w and a represent the full width and crack length of S(T) specimens, but half of the total width and total crack length for M(T) specimens. Thus we can define the criteria for crack growth under plastic collapse in terms of the nominal stress σ for a SE(T) specimen as:
Similarly, the criterion for crack extension of a M(T) specimen under plastic collapse is:
We computed the critical net section stress, σ c = 47 MPa, from the intercept of a least squares fit in Mathematica 10 of the critical stress of crack growth > 125 µm for each specimen. The first > 125 µm of crack growth was excluded to ensure that the trend line was only fit to the critical stress of propagation and exclude crack initiation. The collapse analysis in Fig. 7 shows that a range of stable-growing cracks, whether they started from a notch or fatigue precrack, converge to the regression line from Eqns. 4 and 5 using σ c = 47 MPa. If we also look at the uniaxial tensile behavior of the same system (Fig. 10) , we can see that the ultimate engineering tensile strength of the uniaxial specimen, σ ult = 49 MPa, is close to the intercept σ c = 47 MPa. This is sensible
given that the uniaxial tensile strength corresponds to a specimen with an effective crack length of a = 0. We can demonstrate how the plastic collapse analysis fits in the context of our K and J analyses using the yield stress from the uniaxial stress-strain curve (Fig. 10) . The annealed aluminum specimens are very low-strength with a 0.2 % offset yield strength of 29.3 MPa. As we discussed before, this means that our 6.25 mm to 12.5 mm wide specimens were well below the length scales for characterization with K or J. Earlier we computed the plastic zone sizebased minimum specimen size for K-dominance as 26.2 mm. The minimum specimen size for J-dominance is 10.2 mm (from 10
and J ≈ 30 kJ m −1 from Fig. 8 ), or roughly the width of the largest specimens used in this study 24, 27 Thus plastic collapse analysis is applicable to ductile systems and specimens too small for the crack tip process zone to be contained within conventional K-or J-dominated crack tip zones.
The low tensile yield strength (σ 0.2 % = 29.3 MPa) and ductile crack growth observed are generally what would expect for the composition and microstructure of the aluminum sheets used in this study. The 1235 aluminum alloy lacks significant amounts of impurities (minimum aluminum content of 99.35 %), and has a coarse annealed microstructure (Fig. 11) . The mean lineal intercept measured from 20 randomly placed and oriented lines on a micrograph of a electropolished and anodized specimen (Fig. 11 ) wasL = 218 µm, which is several times the sheet thickness of 25.4 µm. The smallest grains are on the order of the sheet thickness, and the largest grains run up to 1 mm in size.
We also performed glancing angle X-ray diffraction measurements to determine the preferred orientation of grains and to check for differences between textures at the sheet surfaces. The 22 µm deep scan (in a 25.4 µm thick sheet) revealed texture consistent with the cubic (100)[001] recrystallization texture (Fig. 12 A i) observed in prior studies of rolled and recrystallized FCC metals. [47] [48] [49] The relative volume fraction of crystals with misorientation exceeding 30°was 25.41 % for this (22 µm deep scan. The near surface textures ( Fig. 12 B i ) obtained for an X-ray penetration depth of 10 µm showed nominally the same texture as the full-thickness scan ( Fig. 12 A i ) with variation in relative crystal misorientation of 26.35 %. The similar textures at the different scan depths suggests that the texture on both sides of the sheet are nearly identical. The through-thickness texture variation observed in some thicker as-rolled aluminum sheets 50 did not manifest in our thin annealed sheets. The texture analyses and large grain size (Fig. 11 ) suggest any variations fracture process ( Fig. 2 ) are most likely due to the crack encountering in-plane microstructural variations rather than through-thickness texture variation or asymmetry between the two free surfaces.
We can gain some insight into the range of crack lengths described by plastic collapse analysis use the definitions of crack growth initiation and crack propagation from ASTM B871. 34 In a displacement-controlled test, the portion of the experiment where the applied force increases is "initiation," and "propagation" is the remaining portion of the experiment where force decreases as the crack grows. This transition from initiation to propagation corresponds to the point on the nominal stress σ vs. normalized crack length a/w plot where all of the specimens tested in this study converge to the line defined by σ c . Clearly, collapse analysis describes the propagation stage of crack growth in these thin ductile foils. The initiation stage represented less than < 100 µm of total crack growth from both blade-cut and laser-cut notches, hence the ∆a > 125 µm cutoff we used to constrain our collapse analysis to include only crack propagation. The short initiation stage is also consistent with the short transition from notch to ductile fracture apparent on the fracture surfaces in Fig. 2A . If we look at the collapse analysis (Fig. 7) of the fatigue pre-cracked specimens, the initiation stage (the distance before convergence to the critical net section stress line) represents nearly 1 mm of crack growth. The fracture surfaces of the fatigue precracks (Fig.   2C ) show a short transition from fatigue fracture surface to ductile tearing very much like the notch-to-tearing transition of specimens, but the length scale of the initiation stage apparent in the collapse analysis is longer (Fig. 7) . The change in the initiation length scale supports the idea that the precrack eliminated the effects of notch geometry, which is why precracking is used in fracture toughness testing. In spite of the differences in the initiation stage of the precracked specimens, crack propagation still converged to the same trend line as the notched specimens (Fig. 7) . More work needs to be done to determine the full range of specimen length scales and material systems which can be characterized by σ c -controlled crack propagation, but the present work makes the importance of distinguishing between crack growth initiation and propagation clear. While the notches and precracks used in this study altered the details of crack initiation, crack initiation represented a relatively small amount of crack growth relative to crack propagation which followed the trend line from plastic collapse analysis.
By now it should be clear that the behavior of K-R curves we commented on earlier (Figs. 5 and 6) is entirely artificial. Furthermore, the lack of an effect of the anti-buckling plates on σ c shows that while buckling may affect the compliance of the system (and therefore our J calculations), it does not actually change the driving force for crack growth.
The characteristic value from collapse analysis, σ c , is distinctly different from conventional fracture toughness crack tip parameters. K and J are typically used to describe either a single critical value of fracture toughness or the evolution of crack growth a short distance from the starting notch or precrack, i.e. they are initiation crack tip parameters. For brittle or high-strength materials where crack growth is unstable and sudden, such an initiation toughness measurement makes sense. Collapse analysis, on the other hand, describes the propagation of a crack. Stable crack propagation (which followed the σ c = 47 MPa line) accounted for the majority of crack growth in the low-strength damage-tolerant thin aluminum sheets used in this study. The type of notch or precrack altered the details of crack initiation, but collapse analysis was consistent with crack propagation for all of the specimens we tested.
Conclusions
Notched and fatigue precracked specimens fabricated from 25.4 µm thick 1235 aluminum were tested in tension and exhibited stable crack growth. The corresponding fracture surfaces indicated similitude between the mechanism of crack growth for both edge "SE(T)" and center "M(T)" cracked specimens of various widths. Characterization of the fracture toughness using K-R curves violated similitude between the edge notched and center-notched configurations. The evolving toughness values with crack extension shown in the K-R curves were also inconsistent with the uniformity of the fracture surfaces. By using the concept of similitude, we demonstrated that the apparently sensibleK-R results were in fact artifacts of applying LEFM to ductile σ c -controlled crack growth. We also used a J-R analysis to demonstrate that J is sensitive to out of plane deformation, which makes the modeling necessary to fully characterize J impractical. LEFM and EPFM both fail to describe crack growth in thin ductile metal sheets because K and J are crack growth initiation parameter, and crack growth in thin ductile metal sheets is predominantly crack propagation by plastic collapse.
We found that fracture of the thin ductile metal sheets used in this study was best described in terms of stable crack propagation characterized by collapse analysis. A short initiation region that was sensitive to deformation history such as fatigue precracking and notch acuity was followed by steady state tearing. This propagation stage of crack growth was described by a constant net section stress (σ c = 47 MPa). It is clear that thin ductile metal sheets cannot be characterized using the linear-elastic and elastic-plastic crack tip parameters K and J. Instead, crack propagation-focused plastic collapse analyses using σ c are better suited to describing the tearing of thin ductile metal specimens. Figure 1 : Schematic of the dependence of fracture toughness of metals on specimen thickness B adapted from. 14 Specimens thick enough to be predominantly in plane strain (B > B 0 ) have a constant fracture toughness. 19 At intermediate thicknesses (B * < B < B 0 ) the transition from plane strain to plane stress with decreasing thickness corresponds to an increase in fracture toughness. Below a certain critical thickness (B * ) and maximum fracture toughness, fracture toughness is thickness-limited and decreases with B. 
Constant displacement boundary conditions
Constant stress boundary conditions Figure 3 : Plot of the geometric term Y from the LEFM stress intensity factor K = Y √ πa from our FE simulations and various handbook solutions. Markers show the output from the FE simulations and lines show our fits to the SE(T) solutions and the solution from The Stress Analysis of Cracks Handbook which agrees with the M(T) simulations. 32 Our SE(T) solutions and the handbook SE(T) solutions differ because the handbook solutions were computed for constant stress boundary conditions with the specimen ends left free to rotate. (The Gross solution offset is possibly due to a typographical error in 1 ). Our solutions from finite element used constant displacement boundary conditions with the ends held fixed, which is consistent with specimens prevented from rotating by rotationally rigid test fixture grips. 1, 2, 10, 39 Running the same FEA simulations with constant stress boundary conditions and the specimen ends free to rotate reproduces the geometric factor from The Stress Analysis of Cracks Handbook within 1 % for all a W . 32 
1-2% error
Error in geometric factor Y > 10%
8-10%
6-8% 4-6% 2-4% < 2% Figure 4 : Contour plot of the % error introduced to a K measurement in a SE(T) specimen due to assuming that the specimen ends are free to rotate when they are actually fixed. Overlaid are some examples of SE(T) experiments from the literature which treated SE(T) specimens with fixed ends as being able to freely rotate (see Figure 4) . 1, 2, 10, 39 The error increases with decreasing aspect ratio and increasing crack length. Figure 5 : K-R curves from 6.25 mm wide (SW) and 12.5 mm wide (DW) 25.4 µm thick single edge notch tension "SE(T)" specimens. The two types of specimen exhibited nominally the same initial rising R behavior, but the peaks and declines of R in the wider specimens occur at longer crack lengths. Figure 6 : K-R curves from W = 6.25 mm wide (SW) single edge notch tensile "SE(T)" and 2W = 12.5 mm wide (DW) middle notch tension "M(T)" specimens. The two types of specimen were of nominally the same geometry in terms of net section length (w − a), but the peak stress intensity reached by the CNT specimens was notably lower than that of the SE(T) specimens. (Figs. 5 and 6 ). Note the coinciding SW and DW curves at short crack lengths which would give the appearance of similitude between the two different widths of SE(T) specimen at short crack lengths. 
